Abstract. We develop the framework for testing Lorentz invariance in the dark matter sector using galactic dynamics. We consider a Lorentz violating (LV) vector field acting on the dark matter component of a satellite galaxy orbiting in a host halo. We introduce a numerical model for the dynamics of satellites in a galactic halo and for a galaxy in a rich cluster to explore observational consequences of such an LV field. The orbital motion of a satellite excites a time dependent LV force which greatly affects its internal dynamics. Our analysis points out key observational signatures which serve as probes of LV forces. These include modifications to the line of sight velocity dispersion, mass profiles and shapes of satellites. With future data and a more detailed modeling these signatures can be exploited to constrain a new region of the parameter space describing the LV in the dark matter sector.
Introduction
The evolution of the Universe and the observed cosmic structures is well embraced by the ΛCDM model [1] . The model is based on General Relativity (GR) with a cosmological constant term and on the matter content provided by Standard Model (SM) plus a dark matter (DM) component. One of the fundamental pillars of such construction is the assumption of Lorentz Invariance of the underlying theory. This requirement has far reaching consequences for both gravitational interaction and the construction of the SM. Indeed, Lorentz symmetry is one of the most solid and tested symmetries, with extremely tight experimental constraints in both the gravitational and particle physics sectors [2] [3] [4] [5] [6] [7] .
Certain theories of quantum gravity involve some degree of Lorenz violation (LV) [8] [9] [10] which, despite originating at high energy, may have significant consequences on all scales [11] . The absence of Lorentz Invariance is also the basis for interesting proposals for dark energy [12, 13] and inflation [14] [15] [16] . It is hence worthwhile to explore the observable signatures of LV on the dynamics of the low energy sector of the theory. There is no unique recipe for breaking Lorenz Invariance. We consider here a specific, yet well-motivated [10, 17, 18] , choice where a vector degree of freedom takes a time-like non vanishing vacuum expectation value, effectively breaking the Lorentz group. The most general action for such an LV vector was derived in [17] and its astrophysical implications have been widely investigated [19] [20] [21] (for a recent review on the phenomenology of LV theories see [22] ).
Once new degrees of freedom are present, it is natural to consider their coupling to other particles, unless some mechanism prevents them or make them negligible. The constraints on these interactions are very strong for SM particles [4] (see [23] for a general framework to parameterize LV extension of SM). However, there are currently few and less stringent constraints on couplings of LV fields to the DM sector. A first investigation in this direction was undertaken in [24, 25] where the theory is checked against the large scale structures and cosmic Microwave Background radiation (CMB). The effect of LV is twofold. First, it results in breaking of the Weak Equivalence Principle (WEP) by modifying the inertial mass of DM particles without an equal compensation in the gravitational mass. Second, it introduces a non-trivial velocity dependent interaction.
In this paper we explore consequences of LV on smaller, non-linear, scales. As we shall see, small scales structures probe a completely different range of the model parameters. Indeed, the effects introduced by the LV vector are screened above a certain parameterdependent scale implying that there may be significant modifications on small scales while the evolution on large scales remains essentially intact [25] . Hence, the investigation of nonlinear structures opens up a window on unexplored values of parameters.
Our aim is to offer a broad assessment of the possible effects of the coupling between DM and the LV vector on small scales. In particular, we will be interested in the consequences of such coupling on the dynamics of DM dominated satellite galaxies orbiting inside significantly more massive host halos. Using this type of systems, we will define characteristic observable features that can be used to constrain the LV models. Satellites and galaxies have been exploited in the literature for testing breaking of the WEP in the dark sector [26] [27] [28] [29] . Although the LV theory we consider here also generates WEP violation, the main focus is on specific aspects of LV.
A full N-body simulation would be required in order to assess the exact level of LV effects in realistic scenarios. This is a formidable numerical effort which is beyond the scope of the current paper. Instead we resort to a semi-analytic approach which describes idealized situations. The approach helps preparing the ground for a more complex analysis, by pointing to promising paths for further explorations.
The paper is organized as follows. In section 2 we introduce the model and we recall some previous results while in section 3 we discuss the weak field regime which serves as a basis for the subsequent discussion. In section 4 we focus in the implications of LV for DM halos. Section 4.1 describes the relevant equations for DM particles, while Section 4.2 presents the solutions of the LV field in the halos and useful insights into the physics of Lorentz-violating dark matter (LVDM). In section 4.3 we present the results of the numerical integration of the dynamics and, finally, in section 5 we summarize the observational tests for the LVDM model and draw our conclusions. Appendix A contains some analytic solutions.
Lorentz violating dark matter
We will assume that the Universe is endowed with a preferred time direction or foliation of space-time that breaks Lorentz invariance. This can be described by introducing the 'Aether' vector U µ and forcing it to have a time-like unit norm that selects the preferred time direction. The most general low-energy action that describes the dynamics of this theory is the so called Einstein-Aether (AE) action [17, 30] and is given by
where λ is a Lagrangian multiplier enforcing the unit norm of the vector U µ , M 0 is a scale related to the Planck mass [22] and
The dimensionless parameters c i characterize the interaction between the LV vector and gravity. The strongest constraints on these couplings come from Solar system physics through the post-Newtonian (PPN) parameters [2] α PPN 1 ≤ 10 −4 and α PPN 2 ≤ 4 · 10 −7 , which generically imply [31] |c i | < 10 −7 . However, the Solar System bounds can be satisfied by specific combinations of the couplings, which still yield part of the parameter space totally unconstrained. The latter can be explored through other observations, as Big Bang Nucleosynthesis (BBN) [32] , dynamics of binary systems [20, 21] , or linear cosmology [25] .
The bounds on possible direct couplings of SM to the AE-field are very tight [4, 6] and can be safely assumed to be zero for astrophysical and cosmological implications. Hence, broken Lorentz symmetry will affect ordinary matter only via gravitational interaction. This assumption can be relaxed in the case of DM. Since the relation between DM and SM particles remains uncertain, there is no solid reason to expect that their couplings to the LV sector may be of the same order. From this point of view, the study of LV in the DM sector offers a new handle in testing one of the most fundamental paradigms of modern physics, with important consequences for quantum gravity.
We thus equip the AE theory with an explicit coupling between the LV vector and DM which will break the Lorentz invariance of this component. This is achieved by modifying the action for a DM particle as follows [24] 
where ds ≡ g µν dx µ dx ν , V µ ≡ dx µ /ds is the particle's four-velocity and F is an arbitrary positive function normalized in such a way that F (1) = 1. The sum of the two actions (2.1) and (2.3), plus any other minimally coupled matter species, defines the LVDM model whose small scales dynamics will be now investigated.
The weak-field and non-relativistic limit
The dynamics of DM halos can be accurately described by the weak-field and non-relativistic limit of the action presented in the previous section. This is achieved by first expanding the action (2.1) together with (2.3) around flat space to second order in the fields. We decompose the metric as g 00 = 1 + 2φ, g i0 = 0 and g ij = −δ ij (1 − 2ψ) and the vector field as U µ = δ µ0 + u µ . Assuming non-relativistic velocities for the particles and that the time derivatives of the potentials are sub-leading, the weak field action reads
1) where we defined Y = F (1), κ A ≡ c 1 and κ B ≡ c 2 + c 3 ; and introduced V i = dx i /dt and the DM density ρ = m A δ (3) (x − x A ). Notice that this action is invariant under Galilean transformations that act on the velocity and Aether by a constant shift
In what follows we mostly focus on the choice of parameters with κ B = 0. This is a well defined effective theory which simplifies our analysis and still yields an interesting phenomenology. It is also favored by some theoretical arguments [33] . The most general case will be considered in future work.
In the special case of negligible Aether fluctuations (u i = 0) the DM action is 2) which shows that the inertial and gravitational masses are not equivalent anymore and the Equivalence Principle is not satisfied. This introduces a segregation between DM and baryons which in our scenario are not affected by LV 1 . The last term in the action (3.1) gives rise to a quadratic potential for the Aether inside regions with non-zero DM density. The stability of the Minkowski background requires this potential and the effective inertial mass of DM particles to be positive, which implies 0 < Y < 1 [24] . The potential tends to align the Aether vector u with the DM velocity leading to a suppression of LV effects on the dynamics (screening mechanism). Variations of (3.1) with respect to the matter velocity V, the LV vector u and the gravitational potentials φ and ψ yield the equations of motion,
3)
Since DM is collisionless, in the derivation of (3.4) we allow for multiple streams each with its own velocity existing at a certain point. Therefore, the equation involves the (mass weighted) mean particle velocity V i . Equation (3.5) is the standard Poisson equation, meaning that the LV vector u does not modify the relation between the gravitational potential and the mass density. In addition, DM obeys mass conservation as described by the usual continuity equation.
Lorentz violation in dark matter halos
Internal dynamics of DM halos are a plausible testbed of the direct coupling of the LV field to DM. Inside the virial radius of a halo, matter is in near dynamical equilibrium and overlapping streams of particles moves in random directions. Thus, in the reference frame moving with the bulk motion of the halo, the mean particle velocity, V, is very close to zero. Since u is sourced by V through (3.4), an individual particle moving with a random velocity V = V will always experience an LV force through the term cu − V in (3.3). Still, the internal dynamics of an isolated halo moving with a constant bulk velocity is not significantly affected by LV. To see this, let us perform a Galilean boost to the frame moving with the halo. In this frame the LV vector is time-independent. Hence, the action for the DM particles does not involve any terms which depend explicitly on time, resulting in an "energy-like" conserved quantity. This can be demonstrated by multiplying the velocity equation (3. 3) by V to obtain
This equation implies that the quantity
is an integral of motion. Although the LV force still affects the halo dynamics, this conservation law prevents any significant departures from the standard evolution governed by gravity alone. The time independence is broken for satellite halos orbiting inside a more massive host halo. The orbital motion of these satellites introduces a time dependent LV vector which breaks the conditions for the conserved quantity above. We will consider two types of systems. The first one is intended to mimic a dwarf satellite galaxy in the halo of the Milky Way (MW). Most of these satellites are DM dominated, with baryons having only a modest effect on their overall dynamical evolution. The second system is a galaxy in a massive cluster. This system is three orders of magnitude more massive than the first galactic system and probes a different velocity regime of the LV force (see below). We work with an idealized configuration as summarized schematically in Fig. 1 . Figure 1 . Schematic representation of the satellite and the host halo system. A spherical host halo is moving with constant velocity V h relative to the CMB frame. V 0 = V s − V h is the bulk velocity of the satellite (subhalo) relative to the host halo. v p = V − V s is the relative velocity of a particle with respect to the subhalo velocity. The vector u vanishes outside of the host halo (it vanishes in the CMB frame) and is aligned with V h at small scales due to a screening mechanism (see (3.4) and (4.10)).
Equations of motion in the satellite frame of reference
We write the equations of motion of particles belonging to a satellite bound to a host halo as shown in Fig. 1 . The distance of a particle from the center of the satellite is denoted by r.
Furthermore, let us denote by M v and r v the virial mass and virial radius of the satellite (the latter is defined as the radius inside which the average density is 200 times the background value). The actual mass and radius of the satellite will be denoted by M s and r s , respectively. Due to tidal disruption by the gravitational field of the parent halo, r s is smaller than r v . We also define V c = (GM s /r s ) 1/2 as the circular velocity of a baryonic tracer moving in a circular orbit at r = r s under the action of gravity alone. Substituting in (3.3) v p = V − V s for the velocity of a particle in a frame of reference moving with velocity V s with respect to the CMB frame yields the modified Euler equation,
3) where φ h and φ sat are, respectively, the gravitational potentials generated by the host and satellite halos. We have introduced the rescaled variables
where 2 1 + δ v ≈ 200/3 is the DM overdensity at the virial radius,ρ = 3H 2 0 Ω 0 /(8πG) is the average DM density in the Universe, H 0 is the Hubble constant and Ω 0 is the present day DM background density parameter. As we will see shortly, r sc marks the screening length, above which the LV force is suppressed.
V s is identified as the velocity of the satellite's central particle (r = 0) and we consider parameters for which u is aligned with V s at the core of the satellite so that the LV force on the central particle vanishes (see discussion in appendix A). Then the central particle follows the same trajectory as it would have under the influence of gravity alone. Moreover, we will neglect the tidal gravitational forces exerted on the satellite by the host halo, as we want to isolate the effect of the LV interactions. In this approximation the combination in the round brackets in (4.3) is zero and we obtain,
This form of the equation will be used in numerical simulations.
Solution to the Aether equation
We turn now to equation (3.4) which determines the LV vector u from the density and the velocity fields. We consider cases where the radius of the satellite and the screening length are much smaller than the radius of the host halo. Therefore, as far as the internal dynamics of the satellite is concerned, we can treat the host halo as an infinite medium with constant density. We also assume that the satellite is spherical. Equation (3.4) can be rewritten in a dimensionless form,˜
where ρ is the mass density profile and ρ(r v ) is the mass density of the satellite at the virial radius, cf. (4.5). Given that the Poisson equation (3.5) is linearly sourced only by the matter density, it can be easily integrated. Note that if the typical variation of the density occurs on scales larger than r sc , equation (4.7) impliesũ =Ṽ. Then, in the case of a single stream, i.e. v p = 0, equation (4.3) would reduce to the standard Euler equation with the LV force screened away [24] . In the general case of multiple streams, particles that do not move with the average velocity are affected by the LV force. Still, the Euler equation is recovered upon averaging over the whole set of particles.
We can now solve equation (4.7) in the two cases that are relevant for our investigation. First, we will solve it for a single halo with a time independent velocity. The aim in this case is to find the conditions on the parameters r sc for which the inner part of such halo is unaffected by the LV force, i.e. the situation where screening is efficient. Secondly, we will study what happens in the case of a satellite orbiting around its host halo in the case of screening happening in the latter. A detailed derivation of the solutions is provided in appendix A.
Solution for a single halo
Consider the idealized situation of a DM halo, described as a sphere of constant density, moving with a constant bulk velocity V h with respect to the CMB frame. Recall that for any virialized object the average velocities of the particles inside it is zero. In this case the equation (4.7) reads,∆ũ
where r h is the physical radius of the halo and α 2 = ρ out /ρ in is the ratio between the density outside and inside the halo. Note that in this case ρ in coincides with the virial density of the halo. We take the solution to be continuous at r = r h together with its first derivatives. We obtain that Aether vector is directed along V h and has the following radial dependence
where r 0 is a constant fixed by matching the solution at r = r h and we have restored physical units. The solution (4.10) has three regimes, depending on the ratio r h /r sc : If r h /r sc 1, the variation of u occurs abruptly close to the edge of the halo (very efficient alignment). In this case, only a thin shell experiences the LV force. Throughout the interior of the halo (r < r h ), the effects of LV are almost vanishing because u → V h /c = const. In the case r h /r sc 1 the variation of the LV vector u over the size of the halo is very small and the force given by the last term in equation (3.3) is negligible. Thus, the only consequence of LV in this case is the difference between the inertial and gravitational masses. Finally, the velocity-dependent LV force is relevant in the cases where r sc ∼ r h , which means that particles inside the halo will experience a force which depends on their position. Figure 2 shows solutions for the three cases.
For our investigation of the dynamics of the subhalo we will focus on the case r sc r h , for which the LV effects of the host halo are screened and can be ignored. In Fig. 2 we see that r sc ≤ 0.01 r h is sufficiently small to guarantee a negligible LV force inside the halo. For an MW-like halo, this corresponds to r sc ∼ 1 − 10 kpc and the LV effects of the external halo can be ignored as long as the subhalo is not close to the edge. For example, the Draco dwarf is at a distance of r Draco ∼ 80 kpc, whereas the virial radius of the MW is r MW ∼ 200 kpc [34] . We find that at Draco's distance, even a value as high as r sc ∼ 50 kpc suppresses LV effects of the parent halo.
A satellite in a halo
We now turn to the dynamics of a DM satellite orbiting in its host halo. The host is assumed to have a constant velocity V h with respect to the CMB and the satellite to move with velocity V 0 = V s − V h with respect to the host halo (see Fig. 1 ). We work in a frame of reference whose origin, r = 0, coincides with the center of the satellite. The vector u is the solution to the general equation (4.7) with the following source,
where r s is the radius of the satellite. We assume that the satellite is spherically symmetric with ρ ∝ r −2 (see appendix A for the solution in the case of a more general density profile containing a core). In terms of the scaled variables (4.4) the Aether equation reads,
where
is the ratio between the halo density and the virial density of the satellite. Notice that we assume a host halo of constant density. The solution to the previous system of equations is
forr ≤r s , (4.14)
(4.15)
This solution will be used as an input in the equation of motion (4.6).
Comparison with gravitational forces
To obtain an order of magnitude estimate of the strength of the LV effects, we compare the time dependent part of the LV force with the standard gravitational interactions, namely the gravitational force generated by the satellite halo itself and the tidal effects produced by the gravitational field of the host halo. From the equation (4.6) and using the results of the previous section it can be shown that the absolute value of the time dependent force produced by the LV coupling on a particle belonging to a satellite on circular orbit is
where V 0 is the orbital velocity of the satellite in the host halo, R 0 is the distance from the center of the host and the function w(r) ≤ 1 has been defined in (4.14), (4.15) and is shown for some cases in appendix A. The gravitational force generated by the satellite on a particle is given by
Let us take typical values V 0 ∼ 200 km s −1 and V c ∼ 20 km s −1 , r s ∼ 2 kpc and R 0 = 100 kpc. With these numbers the ratio between the two forces at r = r s is
The ranges of the LV parameters studied in this paper are listed in Table 1 . We see that for these ranges of parameters there will be an extra force acting on the particles in the satellite comparable to the gravitational force. The effect is maximal at the edge of the satellite halo given that |w(r)| ≤ 1 is a monotonically growing function, as can be see from figures 10 and 11 in the Appendix. Let us also consider an order of magnitude estimate of the gravitational tidal force of the host halo. The force exerted by the host galaxy onto a particle that lies at the boundary of the satellite's halo (on the side facing the galactic center) is given by
where we have used the fact that V 0 = GM h /R 0 . Hence, the ratio between the two forces is If we insert characteristic values in the previous equation we find that at the edge of the satellite the force due to the LV vector can be ∼ 100 times the tidal force. Furthermore, consider a satellite before it has undergone tidal stripping, so that its halo extends up to its original virial radius. In this case it turns out that the ratio between the two forces is Fu/F tidal ∼ 10Y w(r v ). This result has far reaching consequences as it shows that the LV force may provide a competing mechanism for halo disruption, in particular if the timescale for particle extraction due to the LV force is shorter than that of tidal stripping. This expectation is indeed confirmed by numerical simulations, see below.
Numerical results
In this section we present results from the numerical integration of equation (4.6) of a DM halo orbiting inside the halo of its host galaxy. We consider a system similar to the MW and two of its dwarf satellites, Draco and Fornax. This choice is particularly suited for our purposes. Draco is placed at a galactocentric distance of 82 kpc while Fornax is at 147 kpc. The motion of Fornax is compatible with a nearly circular orbit [40] . Draco motion is instead more controversial: observations form the Hubble Space Telescope placed it on a relatively circular orbit [35, 45] , but more recent observations from Subaru telescope suggest an elliptical orbit [46] . Although this is an important aspect that must be taken into account in a more detailed study, it is not crucial for our analysis, so we assume a circular orbit for Draco as well. In order to make the investigation more complete and to explore a broader range of scales and velocities, we also consider the case of a test galaxy belonging to the Coma cluster. In Table 1 we show the ranges of parameters that these systems may be sensitive to.
In particular, assuming a certain range for the values of the screening length r sc and of Y determines through equation (4.5) the values of the LV parameter κ A that one can explore. The range of parameters accessible to our study is well beyond those probed by other tests mentioned in section 2. Table 2 lists the parameters of the halos that have been used in the numerical integration. For Draco we explore two scenarios with the same mass. Draco A: all the halo mass lies inside a radius of ∼ 2 kpc which is the cutoff radius seen in the observations of the stellar component [39] . Draco B: the halo extends to a radius of ∼ 20 kpc which corresponds to the virial radius of a halo with velocity dispersion of ∼ 10 km s −1 consistent with the observations of Draco. These two scenarios may be seen as corresponding to satellites with and without gravitational tidal stripping having occurred as they settle in their final orbit in the MW. In the case of Fornax the radius of the DM halo is the same as that of Draco A. The table also gives the parameters we adopt for the system of a galaxy in a cluster like Coma (R Coma ∼ 3 Mpc) [43] . In all cases the virial radii reported in table 2 are consistent with the observed one dimensional velocity dispersion. The numerical solution is obtained by means of a 4(5) Runge-Kutta integration method over a Hubble time. We have considered both the gravitational potential and the LV force as external functions assuming that backreaction is negligible. This is a good approximations as long as departures from spherical symmetry are moderate.
To simulate the satellite halo, we have used 1500 particles with randomly oriented initial velocities. Their initial positions are adjusted in such a way that, under the influence of gravity alone, they would stay on circular orbits around the center of the satellite. The initial density distribution of particles follows an Einasto profile [47, 48] for which the mass enclosed inside a radius r is
where Γ is the incomplete gamma function, the mass is normalized such that M (r = r s ) = 1 and the parameter h satisfies h = r −2 /(2n E ) n E where r −2 is the radius at which the slope d log ρ/d log r = −2. The slope parameter n E decreases with halo mass and is 4.54 n E 8.33 [49] , where the lower and higher values correspond to a cluster and a dwarf halo, respectively. In our simulation we adopt n E = 5.88 and r −2 = r v /20. The LV force is provided by the potentials found in the previous section, namely equations (4.14) and (4.15) . Notice that these have been derived assuming the particle distribution in the satellite follows an r −2 profile rather than an Einasto. However, in the situations we will consider, the deviations of the Einasto profile from the inverse square law are small and the two profiles are similar over the part of the satellite containing most of the mass.
Particle distribution
We begin with a general visual assessment of the particle distribution. This will serve as an introduction to the more quantitative analysis below. Figure 3 shows the particle distribution in the plane of motion of the satellite at different times. The halo taken to be spherically symmetric at t = 0 is deformed at later times in a very specific way. The circular motion of the satellite produces a periodic LV force which turns the halo into elliptical shape with a time varying orientation. Another effect of the LV force is to enhance the particle distribution density at the center. Interestingly, a stable configuration is reached in all cases after 5 Gyr at the latest.
For Draco B the effect of LV force is particularly dramatic, as can be seen from figure 3 (top right). At the beginning we see a transient phase due to the fact that particles are initially placed on stable orbits according to gravity alone. Quickly after that the LV force kicks in and rapidly extracts particles from the outer shells, whereas the particle distribution in the central region gets tighter. We emphasize that this effect is purely due to the LV interaction, as the tidal gravitational force has been switched off in the simulations (see the discussion preceding equation (4.6)). Although this is a very extreme case, it is nonetheless instructive since it shows how the LV force may provide a very efficient mechanism for disrupting shallow sub-halos. This mechanism can operate on timescales shorter than the usual tidal disruption and, unlike the latter, gives rise to asymmetric tails of debris. A galactic halo in the Coma cluster exhibits similar: rapid mass extraction from the outer shell and then the halo settles to a stable configuration with a smaller radius, figure 3 (bottom right).
These examples demonstrate several interesting consequences of the LV force: it changes the density profile of the halo, it may remove a significant amount of particles and it changes the initially spherical distribution. In the next three subsections we will quantify these effects by analyzing the mass distribution inside the halos, the mass loss and the ellipticity of the halos as functions of the model parameters.
Radial mass profiles
We examine now how the mass distribution of the satellite halo is affected by the presence of the LV force. We compute the mass M (r) within spherical shells from the particle distribution in the simulation. We select the simulation output at a sufficiently late time to ensure that the system has reached a steady state. In the normalization of M (r) we include only particles inside the outer radius of the initial configuration. Curves of M (r) are plotted in figure 4 for all systems. The solid line in each panel refers to the initial unperturbed profile. This profile would be maintained if the system were advanced according to gravity alone 3 . The other curves correspond to the particle distribution evolved with the LV force for several values of r sc and Y , as indicated. The LV force introduces significant changes to the mass distribution of the subhalo. This confirms the visual assessment of Fig. 3 : the evolved satellites are denser and more compact with respect to the solid line. For a quantitative assessment of the particle distribution we fit the evolved mass profile M (r) by an Einasto functional form (cf. (4.23)) with both n E and r −2 as free parameters. We find that, apart from the central regions, the Einasto profile provides a reasonable fit. However, the best fit values of n E and r −2 deviate dramatically from the observationally motivated range. For the values of r sc and Y considered in the figure, the fit yields 0. Caution should be exercised in interpreting these results as they have been derived in a simplified model, which does not take into account the formation process of the satellite. It is nonetheless interesting to see if one can constrain the LV effect from observations of the stellar component. In particular, good measurements of the line-of-sight velocity dispersion of stars in Fornax are available [41, 50, 51] . Even if stars are not influenced by the LV force, their observed distribution and velocity dispersion are a probe of the underlying DM distribution through their gravitational interaction. Given the DM distribution in the simulation, one can thus predict the velocity dispersion of baryonic tracers (stars). Assuming circular orbits for the stars, we computed their line of sight velocity dispersion according to [52] [53] [54] 24) where R is the projected distance from the subhalo center, I(R) is the surface brightness [55, 56] , and ν(r) is the 3D density of stars [57] . The gravitational acceleration g(r) is due to the gravity of the DM in the simulation and a subdominant stellar component whose contribution is estimated using the observed stellar distribution in Fornax [58] . Figure 5 shows σ los (r) for M (r) corresponding to the initial Einasto profile as well as evolved particle distributions with several values of the LV parameters. The data shown in the figure do not allow to constrain the parameter space of the LV force. By looking at the plot one may be tempted to conclude that some of the LV curves fit the data better than the unperturbed one. However, to draw robust conclusions one should use more recent and precise data [59] which, in turn, require more precise simulations and a broader investigation of the relation between velocity dispersion and the underlying mass profile. 
Mass extraction
We now quantify the mass extracted from the halo by the LV force as the mass that lies outside the initial radius of the object at a given time 4 . Figures 6 plot the mass loss after a Hubble time as a function of the parameters r sc and Y . As can be seen from the plots, for the most compact satellites the mass loss is small, almost non existing in the case of Fornax. However, it is very pronounced for extended subhalos, reaching a peak of 50% in Draco B.
This last case is particularly interesting because most of the mass is extracted during the first orbit, cf. Fig. 3 . In comparison, the amount of mass extracted by tidal stripping is as high as 60% of the initial mass after the first pericentric passage [60] . In general, the typical timescale of mass extraction by the LV force will depend on the particular set of parameters but we found that in many cases it is shorter than the one associated to tidal effects. Another interesting effect is the dependence on the distance from the center of the host galaxy. Even if Draco A and Fornax have a similar initial configuration, the former experiences a larger mass loss since it is closer to the center of the MW.
Ellipticity
In 4.3.1 we have mentioned deviations from a spherical shape as another observable signature of LV. In order to assess these deviations quantitatively, we have computed the ellipticity parameters from the particle distribution in the simulation output. We define a coordinate system (x, y, z) with origin centered at and comoving with the core of the satellite. The directions of the 3 axes are fixed with respect to the host halo. Furthermore, the xy plane is defined by the orbital motion of the satellite inside the host halo. The ellipticity is characterized by the quadratic moments of the density distribution, 25) where the summation is over all N particles of the subhalo. We define the ellipticity parameters in the plane (x, y) as
26) and similarly for the plane (x, z). Denoting the major and minor axes by a and b respectively, the ellipticity parameters can be written as 28) where q = b/a, and θ is the angle between the major axis and the x−direction. We have computed the ellipticity parameters for Fornax and Draco for Y = 0.95, r sc = 11.7 kpc and Y = 0.5, r sc = 8.2 kpc. In figure 7 we plot the time evolution of q in the orbital plane of the satellite. The irregularities in the curves are due to the discreteness of the particle distribution. The light gray curve in the plots corresponds to no LV force i.e. q = 1. The other curves reach values substantially different from unity, almost immediately after the force is switched on and stay constant over a whole Hubble time.
On the other hand, the ellipticity parameter q in the orthogonal plane (x, z) exhibits pronounced oscillations at approximately half the orbital period, see Fig. 8 . Recall that the plane (x, z) is fixed with respect to the host halo. Then the dependences shown in Figs. 7, 8 imply that the satellite has a prolate ellipsoidal shape with the major axis lying in the orbital plane and sustaining an almost constant angle with the direction of motion. The values of ellipticity obtained in our simulations are compatible with observations [61, 62] . Nevertheless they can be also explained within pure ΛCDM [63, 64] . A more refined analysis is needed in order to tell whether the ellipticity generated by the LV force exceeds the one produced by gravitational forces alone.
It is interesting to further examine the orientation of the major axis with respect to the direction of motion of the satellite. To address this point we show in Fig. 9 the angle between the major axis of Draco A and the direction to the center of the host halo (this direction is perpendicular to the velocity of the satellite). As advocated above, the angle changes only slightly during the orbital period. However, it precesses significantly on longer timescales comparable to the Hubble time. Using the expressions (4.14), (4.15) for the LV vector one finds that the LV force acting on a particle in the subhalo (the term in square brackets in equation (4.6)) contains a contribution
wherer i is the unit vector pointing from the center of the satellite to the particle's position. By switching of and on this term in numerical simulations we have identified it as being responsible for the secular change in the subhalo orientation shown in Fig. 9 . 
Discussion and conclusions
We have performed a preliminary investigation of the dynamics of galactic satellites in the presence of a LV force in the DM sector. This extends previous studies of the effects of LV in DM to shorter scales. This is a promising arena for testing LV in the dark sector with potential observational signatures. The relevant range of parameters enters through the screening scale r sc (4.5) and direct effects related to the DM coupling to LV, Y . The typical probed range r sc ∼kpcs is remarkably different from that constrained from linear dynamics at large scales, r sc ∼ Mpcs. The price to pay is the complexity of modeling the highly non linear structures whose detailed dynamical evolution must ultimately be followed with full numerical simulations. The goal of the present paper has been to identify generic signatures of LV forces. Hence, we have opted to follow a simplified scheme designed to capture the main consequences of the model. Our focus have been the dynamics of a satellite orbiting around its host halo. For this reason we have been concerned only with the effects on the satellite alone. Therefore, we have restricted the analysis to the parameter regime for which the LV effects of the host halo are screened. Besides, we neglected tidal gravitational forces and left out the formation process of the satellite -host halo system. We have identified several interesting effects which could have substantial implications on the evolution of satellite galaxies: An enhancement of the inner halo density accompanied with mass extraction from the outer regions and a distortion of the halo shape. The main features of these effects are:
Mass profile: The LV force produces a significant compression of the satellite halo. This translates into a different gravitational field with respect to the ΛCDM model acting on the stellar component. In this respect, a potential way to seek signatures of (or constraints on) LV is by measurements of the velocity dispersion profile of the stars in the satellite as we have discussed in section 4.3.2. We have found that the curves obtained within LV models differ significantly from those where no LV force is acting. However, both are still compatible with the observations cf. Fig. 5 . It would be interesting to explore if more precise data [59] are capable to discriminate between Lorentz invariant and LV models, which, however, requires more detailed and realistic numerical simulations.
Total mass of subhalos: A feature of the LV force is its ability to efficiently extract matter from the outskirts of subhalos. This mechanism for particle extraction works in addition to tidal stripping by the gravitational force field of the host halo. Depending on the relative importance of the two effects, various scenarios can be envisaged. If the gravitational tidal stripping is very efficient, we should not expect much particle extraction via LV, as we have seen in the case of Draco A and Fornax. However, if the opposite situation is realized, as is the case for Draco B, the LV yanks matter at the outer halo regions and acts on shorter timescales than the gravitational tidal stripping, leaving the latter largely irrelevant. This could result in a different equilibrium configuration. Although the residual mass from the two processes is similar, the final halo will show very different characteristics that will allow for a distinction between the two mechanisms. Tidal stripping does not greatly alter the density profile, in contrast to the LV force. Moreover, gravitational stripping produces symmetric streams (leading and trailing); in the case of LV force, streams of extracted stars would be asymmetric, reflecting the preferred direction defined by the vector. This latter feature can be noticed in the right panels of figure 3 where a characteristic tail is formed after a significant amount of mass has been extracted from the satellite and more dramatically in the second figure of the Draco B case.
Ellipticity of the satellite halo: The LV force produces a distortion in the shape of subhalos. We found that the ellipticity of the altered shapes is in the ballpark of the values observed for dwarf satellites in the Local Group [61, 62] , but the latter are also compatible with pure ΛCDM simulations [63, 64] . More detailed numerical studies are required to tell apart the LV effect from the purely gravitational one. The distortion alters the gravitational potential felt by stars, which can be directly probed by measurements of the stellar velocity dispersion. Unfortunately, inferring the shape-related LV signatures is hampered by the precession of the major axis which smears the correlation of LV generated ellipticity with the direction of motion of the satellite.
The challenge in constraining LV effects is that standard gravity could also be associated with similar phenomenology. Our analysis points out several interesting features and motivates a more sophisticated numerical and observational modeling for disentangling LV from purely gravitational signatures.
As we discussed in the introduction, there is a strong motivation to test Lorentz invariance. For low energies and late time Universe this requires the study of models with Lorentz violating fields. These fields are generically coupled to the other 'standard' components of the Universe, and these interactions control the effects of LV in different observations. Although the couplings to the standard model particles are highly constrained, the same is not true for DM. Given the current and forthcoming observational data, the investigation of the effects of LV in DM models using small scales structures may not only reveal interesting aspects of how such structures have formed but could also shed light on this fundamental aspects of Nature. where n + = (−1 + 1 + 4r 2 v )/2 and n − = (−1 − 1 + 4r 2 v )/2. The solutions are required to be finite at r = 0 and vanishing at infinite radius. This fixes two of the six integration constants. In particular, we get C 1 = −C 2 and C 6 = 0. By matching the solutions at r = r c and at r = r s we obtaiñ Figure 10 . Comparison between the analytic solutions for the LV vector u i obtained with a pure ρ ∼ r −2 profile and with a ρ ∼ r −2 profile that has a core of constant density, in the case of Draco A. Plotted is the radial time independent part of the LV solution, |w|, defined in (4.14) and (4.15) . The screening scale is r sc = 20 kpc and the virial radius is r v = 20 kpc.
From this general solution we can recover the two limits that we have used in this work, namely the inverse square law and the purely constant profiles. To get the first one we take r c = 0. In this case the solution is In figures 10 and 11 we show solutions for ω(r) (as defined in (4.14) and (4.15)) obtained from an inverse square law matter distribution for Draco A with and without a core for r sc = 20 and r sc = 2 respectively. In the first case there is a slight difference between the two curves in the center of the satellite, whereas in the second case the curves coincide. In both cases the LV force acting on particles inside the core is suppressed. This last point is exploited in the definition of the satellite reference frame used for the numerical formulation of the problem. In fact, we can consider this inner region as screened and consequently following the standard Newtonian motion. This in turns defines the reference frame in which the dynamics of particles in the subhalo is governed by the equation (4.6). In the second case r sc ≤ r s and the LV vector solution is constant almost up to the edge of the satellite as can be seen in figure 11 . This is a consequence of the screening mechanism characteristic of the LV model. Figure 11 . Same as Fig. 10 , but for r sc = 2 kpc and the virial radius is r v = 20 kpc. In this case the two curves coincide.
